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The matrix projectionsand transformationsn standardcomputergraphicslibraries

(suchas OpenGL)provide enoughflexibility for most people,but somedevelopers
requirenon-standardhatrix operationsandneedto know moreaboutthemathematics,
whichturnsoutto be (real) projective geometry

The calculationsare simple, but may appearmmysteriousor even someavhat magical
the first time through. Whatin the heckis the w coordinate? Whereon earthdid
the formula for perspectie comefrom? A completede-mystificationrequiresboth
a knowledgeof the calculations(a left-brain task),and somegood geometricmental
imagedor yourright brain. Thisarticlerelateshe calculationgo agoodmentalmodel
of projectve geometry

With a goodmentalpicture,it’s nothardto answermuestiondik e these:

o |sthereany wayto discoverthelocationof theviewing-positionaftertransform-
ing the scenewith amatrix?

o | setmy nearclippingplaneto 0.0000003andmy farclipping planeto 2000000.0.
Why aremy picturessohorrible?

e How canl constructarotationmatrix aboutanarbitraryaxis?

o What'stheformulafor atransformatiorthatdoe2-pointperspectie (theOpenGL
perspectie() commands 3-pointperspectie).

¢ | needashearingransformationHow do| doit?

1 Projective Geometry

Projective geometryis not the sameas Euclideangeometry but it is closelyrelated.
This articleconsider2 and3 dimensionaprojective geometry Since(asin Euclidean
geometry)it’'seasielto visualizethingsin 2 dimensionswe’ll begin with 2D projective
geometryBesidesijt's mucheasierto draw the pictures.

Herearetwo postulatesrom 2D Euclideangeometry:
e Everytwo pointslie onaline.

e Everytwo lineslie on a point, unlessthelines are parallel,in which case they
don't.



In 2D projectve geometrythey arereplacedy:

e Everytwo pointslie onaline.

e Everytwo lineslie onapoint.

That’s basicallythe wholedifference How canwe visualizea modelfor suchathing?
Themodelmustdescribeall thepoints,all thelines,whatpointsareonwhatlines,and
soon.

The easiestway is to take the pointsandlines from a standard?D Euclideanplane
andaddstuff until the projective postulatesare satisfied. The first problemis thatthe
parallellines don't meet. Linesthatarealmostparallelmeetway out in the direction
of thelines,sofor parallellines,adda singlepoint for eachpossibledirectionandadd
it to all the parallellinesgoingthatway. You canthink of thesepointsasbeingpoints
at infinity—at the “ends” of the lines. Note that eachline includesa single point at
infinity—the north-southline doesnt have both a northandsouthpoint at infinity. If
you “go to infinity” to the northandkeepgoing,youwill find yourselfloopingaround
from the south.Projective linesform loops.

Now take all thenew pointsatinfinity andaddasingleline atinfinity goingthroughall
of them. It, too, formsaloop thatcanbe imaginedto wrap aroundthe whole original
Euclidearplane.Thesepointsandlines make up the projective plane.

You might make a mentalpictureasfollows. For somesmall configurationof points
andlinesthatyou areconsideringjmagineareally largecircle centerecaroundthem,
solargethatthe partof thefigure of interestis like adotin its center Now ary parallel
linesthatgo throughthat“dot” will hit the large circle very closetogetheyat a point
thatdepend®nly ontheir direction. Justimaginethatall parallellineshit thecircle at
thatpoint. Thatis the“line atinfinity”.

Checkthe postulates.Two pointsin the Euclideanplanestill determinea single pro-
jective line. Onepointin the planeanda pointatinfinity determinethe projectiveline
throughthe point andgoing in the givendirection. Finally, theline atinfinity passes
throughary two pointsatinfinity.

How aboutlines? Two non-parallelinesin the Euclideanplanestill meetin a point,
andparallellines have the samedirection,so meetat the point atinfinity in thatdirec-
tion. Every line on the original planemeetsthe line at infinity at the point at infinity
correspondingo theline’s direction.

Note: Theprojective postulatesio notdistinguishbetweerpointsandlinesin thesense
thatif you sawv themwrittenin aforeignlanguage:

e Everytwo glorphslie onasmynx,

e Everytwo smymeslie onaglorph,

thereis no way to figure out whethera smynxis aline anda glorphis a pointor vice-
versa. If you take any theoremin 2D projectve geometryand replace“point” with
“line” and“line” with “point”, it makesa new theoremthatis alsotrue. Thisis called
“duality”"—seeary text on projective geometry



2 Homogeneous Coordinates

Sowe've got a hice mentalpicture—hav do we assigncoordinatesandcalculatewith
it? The answeris thatevery triple of real numbergz, y, w] except[0.0,0.0,0.0] cor
responddso a projective point. If w is non-zero,[z,y,w] correspondgo the point
[z/w,y/w] in the original Euclideanplane; [z, y, 0.0] correspondso the point at in-
finity correspondingo the directionof the line passingthrough[0.0,0.0] and [z, y].
Generally if a is any non-zeronumber the homogeneousoordinatedz, y, w] and
[az, ay, aw] representhe samepoint.

It's abit disturbingthatthe sameprojective point canberepresenteth mary different
ways. For example,[1, 2, 1], [2,4, 2], and[-11, —22, —11] all referto the Euclidean
point[1,2]. Don't panic,however; you've seenthe samekind of thing beforein third
grade—thdractions1/2, 2/4, and55/110 all representhe samenumber Justaswe
usuallyusethefractionreducedo lowestterms,we usuallyuseprojective coordinates
with w equalto 1.0 whenthat'’s possible.

Sinceprojective pointsandlines arein somesensendistinguishablejt hadbetterbe
possibleto give line coordinategssetsof threenumbergwith atleastonenon-zero) If
thepointsarerow vectors(asin theOpenGL) thelineswill becolumnvectors(written
with a“T” exponentthat representstranspose”),so [a, b, ¢|T represents line. The
point P = [z,y,w] lies on theline L = [a,b,c]" if az + by + cw = 0. In the
Euclideanplane,the paint [z, y] canbewritten in projectve coordinatesas|z, y, 1.0],
so the condition becomeszz + by + ¢ = 0—high-schoolalgebras equationfor a
line. Theline passinghroughall the pointsatinfinity hascoordinateg0.0,0.0,1.0]7.
As with points, for arny non-zeroa, the line coordinateda, b,¢]T and[aa, ab, ac]”
representhesameline.

In matrix notation,the point P lies on theline L if andonly if PL = 0. If we had
choserto representinesascolumnvectorsandpointsasrow vectors thatwould work
fine,too. It hasto work becausgointsandlinesaredualconcepts.

3 Projective Transfor mations

Projective transformationsransform(projective) pointsto pointsand(projective) lines
to lines suchthatincidenceis presered. In otherwords,if T is a projectie transfor
mationandpoints P and@ lie online L thenT'(P) andT'(Q) lie onT'(L). Similarly,
if lines L and M meetat point P, thenthe linesT'(L) andT'(M) meetat the point
T(P).

The reasonprojective transformationsare so interestingis that if we usethe model
of the projectie planedescribedabore wherewe've simply addedsomestuff to the
Euclidearplane the projectivetransformationsestricedo the Euclidearplaneinclude
all rotations,translations,non-zeroscales,and shearingoperations. This would be
powerful enough,but if we don't restrictthe transformationgo the Euclideanplane,
theprojective transformationsisoincludethe standardrojectionsjncludingthevery
importantperspectie projection.



Rotation,translation scaling,shearinglandall combinationsof them)maptheline at
infinity to itself, althoughthepointsonthatline maybemappedo otherpointsatinfin-
ity. For example,arotationof 5 degreesmapseachpointatinfinity correspondingo a
directionto thepointcorrespondingo thedirectionrotateds degrees Puretranslations
preserethedirectionssoatranslationmapseachpointatinfinity to itself.

Thestandargerspectie transformatior{with a90° field of view, theeye attheorigin,
andlooking down they-axis) mapsthe origin to the pointatinfinity in they-direction.
Theviewing trapezoidnapsto asquare.

Every non-singulaid x 3 matrix (non-singulaimeansthat the matrix hasaninverse)
representa projective transformation,and every projective transformationis repre-
sentedby anon-singulal x 3 matrix. If M is suchatransformatiormatrix and P is
aprojective point, thenP M is the transformedoint. If L is aline, M~ L represents
the transformedine. It's easyto seewhy this works: if P lieson L, PL = 0, so
PMM™L =0,so(PM)(M~'L) = 0. Thematrix representatiois not unique—as
with pointsandlines,ary constaninultiple of a matrix representshe sameprojectve
transformation.

Combinationsof transformationsrerepresentedy productsof matrices;a rotation
representedby matrix R followed by a translation(matrix T') is representedy the
matrix RT.

A (2D) projectivetransformations completelydeterminedf youknow theimagesof 4
independenpoints(or of 4 independenlines). Thisis easyto seesincea3 x 3 matrix
hasninenumbersn it, but sinceary constantnultiple representthe sametransforma-
tion, therearebasically8 degreesof freedom.Eachpoint transformatiorthatyou lock
down eliminates?2 degreesof freedom sotheimagesof 4 pointscompletelydetermine
thetransformation.

Let's look at a simple exampleof how this canbe usedby deriving from scratchthe
rotationmatrix for a45° rotationaboutthe origin. The origin mapsto itself, the points
atinfinity alongthe z andy axesmapto pointsatinfinity rotated45°, andthe point
[1,1] mapsto [0,/2]. Seefigure4

If R istheunknovn matrix:

[0,0,1]1R = ki[0,0,1]
[1,0,00R = ka[V2,v2,0]
[0,1,00R = ks[-V?2,v2,0]
[1,1,L1]R = k4[0,v2,1]
Thek,..., ks canbe ary constantsinceary multiple of a projective point’s coor

dinatesrepresentshe sameprojective point. M hasbasically8 unknowns, so those
8 plusthe 4 k;’s make 12. Eachmatrix equationrepresent8 equationssothereis a
systemof 12 equationsand 12 unknowvnsthat canbe solved. The computationgnay
beugly, butit's a straight-forvardbrute-forcesolutionthatgivestherotationmatrix as



ary multiple of:

Vv2/2 V2/2 0
R=| —v2/2 v2/2 0
0 0 1

Theres nothingspecialaboutrotation. Every projective transformatiormatrix canbe
determinedn the samebrute-forcemannerstartingfrom theimagesof 4 independent
points.

We illustratewith the determinatiorof the (2D) perspectie transformatior(seefigure
3). We wantto mapthe shadedrapezoidabreainto the squarewith corners—1, —1]
and[1, 1]. Theunknown projectionmustsatisfy:

[0,0,1]P = k[0,1,0]
[0,7,1]P = ky[0,—1,1]
[ 1P = ks[-1,1,1]
[1,0 0] P k4[1,0,0]

The samebrute-forcecalculationgives P as(ary multiple of):

1 0 0
P={0 —(f+n)/(f-n) -1
0 2fn/(f-n) O

ThreeDimensionalProjectve Space

3D projective spacehasa similar model. Take 3D Euclideanspace,add points at
infinity in every 3-dimensionatlirection,andadda planeatinfinity goingthroughthe
points. In this casetherewill alsobeaninfinite numberof linesatinfinity aswell. In
3D, pointsandplanesaredual objects.

Projective transformation#n 3 dimensionsareexactly analogousPointsarerepresen-
ated4-tuplerow vectors:[z, y, z, w], andplanesby columnvectors:[a, b, ¢, d]’. Any
multiple of a point’s coordinatesepresentshe sameprojective point. A point P lies
onaplaneM if PM = 0. All 3D projective transformationgsrerepresentetty 4 x 4
non-singulamatrices.

In 3 dimensionstheimagesof 5 points(or planes)completelydeterminea projective
transformation.(A 4 x 4 matrix has16 numbersbut 15 degreesof freedombecause
ary multiple representshe sametransformation.Eachpoint transformatiorthatyou
nail down eliminates3 degreesof freedom,so the imagesof 5 independenpoints
completelydeterminethetransformation.)

Thebrute-forcesolutionhas20 equationsand20 unknavns(therewill be5 k;’sin ad-
dition to the 15 unknawns),andalthoughthe solutionis time-consumingit is straight-
forward.

The calculationcanbe simplified. Supposeg/ou wanta transformatiorthattakes P; to



Q1,...,andPs to Q5. Let

I [1,0,0,0]
I, = 1[0,1,0,0]
I; = 10,0,1,0]
I, = 10,0,0,1]
I, = [1,1,1,1)

Find thetransformatiorP thattakes P; to I; andthetransformatiorQ thattakes@; to
I;. Becauseof all the zeroestheseare mucheasierto work out. The transformation
youwantis PQ L.

4 Using the Mental Model

Let's concludeby takinganothedook at the questiongrom thefirst section.

Perspectie projectionsmap the eye point to infinity, soif you know the projection
matrix and want to find the eye point, find the point that mapsvia the projectionto
infinity in the z-direction.

If you're wonderingaboutthe bizarreeffects of widely spacedhearandfar clipping
planes]ook athow muchstrechingoccursbetweerthe origin and.0000001.

Constructiorof thethreeprojectionss simply a matterof listing 5 independenpoints
andtheirimagesandcalculatingthe matrix by bruteforce.

The morewaysyou have to look at a mathematicatoncept.the betteryou will un-
derstandt. Perhapgshe mentalimagesheremay provide you with someadditional
insight.



