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Abstract—Small bodies (e.g. asteroids and moons) are one of the
most important targets for physical exploration of space. For
space missions, it is a central aspect to test the guidance, naviga-
tion, and control algorithms. This is typically ensured through
physically-based simulations of the space mission in a virtual
testbed, because of its time and cost-efficiency. Information
about the gravitational field is crucial for the orbit and especially
for planning a landing maneuver. Most small bodies have an
irregular shape, which contributes to a complex gravitational
field.

In this study, we present and compare three different methods
to model the gravitational field of small bodies and apply them
to three test cases that we describe in detail.

Our first method is based on the polyhedral method that pro-
vides a closed-form analytical solution of the gravity field for
(assumed) homogeneous density. The idea behind the second
method is to represent the small body’s mass by a polydisperse
sphere packing. This allows us an easy and efficient computation
through parallelization on the GPU (Graphics Processing Unit).
The third method models the internal mass distribution of the
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body as a set of solid elements in spherical coordinates. The
body is divided into longitudes and latitudes and the radius is
divided into subsections. The used size of the volume elements is
chosen to ensure high accuracy in representing the shape of the
body. All three methods are also applicable on the surface of the
body, making it interesting in the context of surface gravimetry.

We evaluate the three methods using two ideal shapes (sphere
and cube) and one real shape model (Martian moon Phobos).
We compare the gravitational acceleration at their surface and
measure the relative error of the models concerning the analyt-
ical solutions. We also look at the computational cost of each
method. Our proposed methods indicate that each of them is
suitable for modeling asteroids with different characteristics.
We provide reliable gravitation data for purposes such as space-
craft orbit analysis and evaluation of the small body’s surface
domain.
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1. INTRODUCTION

In the last years, several robotic spacecraft have visited small
celestial bodies, i.e. asteroids, and comets. For example, the
Japanese Hayabusa mission touched down on the surface of
the near-Earth object Itokawa in November 2005 to collect
material from the surface [1]. The follow-up Hayabusa-
2 mission, launched in 2014, arrived at its target in June
2018 and deployed two rovers and a small lander onto the
surface of asteroid Ryugu. After the spacecraft successfully
fired an impactor into the asteroid in February 2019 to create
an artificial crater a sample was collected from beneath the
surface of the asteroid [2]. The spacecraft is now on its way
to the small asteroid 1998 K'Y26 during the extended mission.
The comet 67P/Churyumov-Gerasimenko was orbited by the
European Rosetta spacecraft from August 2014 until the
end of September 2016 including the landing of Rosetta’s
Philae lander in November 2014. The mission ended with
the landing of the Rosetta spacecraft on the comet on 30th
September 2016. The spacecraft of the still-active mission
OSIRIS-REx traveled to the near-Earth asteroid Bennu and
collected a sample of the material from the surface. The
sample will return to Earth in 2023. The planetary defense
mission Hera!, which is currently under development at the
European Space Agency (ESA), will be launching in October
2024. The spacecraft will visit the 65803 Didymos binary
asteroid and will measure among other scientific objectives
the outcome of NASA’s DART mission kinetic impactor test.

During all of the above-mentioned missions, close-proximity
operations have been or will be carried out. The conventional
way to model the gravitational attraction acting on a space-
craft uses a spherical harmonic [3] or ellipsoidal harmonics
[4] representation for the gravity field. This method is of high
accuracy and low computational cost, but with the disadvan-
tage that the spherical harmonic or ellipsoidal harmonics rep-
resentation is only valid outside of the circumscribing sphere
(Brillouin sphere). It diverges inside of the Brillouin sphere,
e.g. [5]. Therefore, it cannot be used when a spacecraft or
lander is getting close to the surface of an irregularly shaped
body and alternative methods are needed for representing and
calculating the gravity field inside the Brillouin sphere.

However, when missions include a landing on such a small
body, the spacecrafts obviously have to descend into the
Brillouin sphere. Moreover, they usually have to land au-
tonomously, due to the communication delay. Consequently,
a detailed model of the gravity field inside the Brillouin
sphere is essential for successful missions to small bodies.
Even though the type of method is a basic prerequisite to
model and design the trajectory of a lander on an irregularly
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shaped body, it can also be used for autonomous landing on
a small body concerning the higher computational onboard
capabilities. This would also include autonomous detection
and selection of the landing site and therefore also the on-
board computation of different landing trajectories. Another
application of the methods is to model the interior structure of
a body based on its known gravity field and shape for example
derived from Radio Science and camera observations from
larger distances.

Various methods have been proposed to circumvent this
handicap of the divergence inside the Brillouin sphere, i.e. to
compute the gravitational field closer to the surface. They
typically differ significantly for the computation time and ac-
curacy. The next section provides a review of these methods
with their advantages and also shortcomings.

In this paper, we propose a method to systematically compare
such gravity modelling algorithms. In order to do so, we have
defined a set of challenging shapes:

A perfect sphere. For this shape, we can compute the
gravitational field analytically. It is easy and fast to compute,
however, a sphere cannot be polygonized perfectly. Hence,
we additionally provide polygonal approximations of the
sphere in different resolutions and different parametrizations.
This is challenging, especially for models that rely on polyg-
onal shape models.

A perfect cube. Similar to the sphere, we can derive the
gravitational field of a cube analytically. In contrast to the
sphere, it can be perfectly polygonized. However, due to the
sharp edges, it is challenging for methods that do not rely on
polygonization.

A highly detailed polygonal model of the Martian moon
Phobos. This case is prototypical for a small celestial body
of irregular shape. Moreover, there is currently an active
mission that actively measures its gravitational field. This
will be improved further by the currently planned upcoming
Japanese MMX mission. Hence, in the near future, our results
can be directly compared to actual measurements.

We selected three commonly used methods — namely a
polyhedral method and two different mascon methods — in
order to compare them systematically. In Section 3 we
start with a detailed description of the three methods, while
the succeeding Section 4 addresses the selected test cases.
Section 5 covers and discusses the obtained results via the
polyhedral method and the mascon methods for the various
shapes (sphere, cube, and the Mars moon Phobos), followed
by conclusions and future work.

2. PREVIOUS WORK

In this section, we firstly provide an overview of the different
methods used to compute the gravitational field of small
bodies. Second, we review earlier work that focused, like this
work, on the comparison between these different methods to
compute the gravitational field.

Gravitational Field Methods

For the calculation of the gravitational field inside the Bril-
louin sphere and hence on the body’s surface, different meth-
ods have been developed. The most accurate method, at least
as long as we assume a constant distribution of the density, is
the Polyhedral Method (PM) [6]. The accuracy depends only
on the polygonal resolution of the celestial body’s 3D model.
A drawback is that it is relatively computationally intensive.
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The computation time increases with an increasing polygon
count. We describe this method in detail in our Section 3
below. There exist some extensions to allow the PM to
handle varying densities within the body. The sliver approach
developed by [7] does this on a global level. Variations on
the local scale surrounding individual evaluation points were
presented by [8]. In this work, however, we consider only
homogeneous densities.

Another popular approach is the mass-concentration (mas-
con) approach. Here, a body of arbitrary shape is subdivided
into small mass elements, so-called mascons. Decreasing
the mascon size increases the accuracy, however, this also
leads to an increasing computation time. Other than for the
PM, there are different implementations of this method. The
both mascon methods Mascons - Sphere Packing (MSP) and
Mascons: Spherical coordinates (MASC) are also used in
this work and introduced in Section 3 with the PM. Two
other mascon implementations were presented by [5], using
uniform-sized cubes and spheres. Note that the potential of
the individual cubes was calculated using the expression used
for the PM [6]. A combination of the mascon and spherical
harmonics approach was proposed by [9]. The basic idea is
to discretize a model of Phobos into small cubes, and then
evaluate the spherical harmonic gravitational field of each
individual cube.

Method Comparisons

While there is a multitude of works using the different grav-
itation field computation methods introduced in the previous
paragraph, the inter-comparison between different methods
as done in this work is still limited.

The single-sized sphere and cube mascon approaches were
compared by [5] with the PM method on the example
Itokawa. Relatively large deviations were found close to the
surface that diminished with increasing altitude. Note that [5]
also compared the difference in gravitational field between a
single cube and sphere, however, this is not to be confused
with the comparisons made in Section 5.

Another comparison was done of the MSP with the PM by
[10]. The bodies compared were the asteroids Itokawa and
Lutetia, as well as Eros, however, the presented results were
limited to altitudes of 100 m and 1 m above the surface, and
therefore did not include comparisons directly on the surface.

In [11] the authors have proposed a finite element method
to compute the gravitational potential and gravitation with
tetrahedra. Their method combines the mascon and poly-
hedral methods. After the conventional division technique
(tetrahedralization) they have used the polygon method for
each tetrahedron and also compared it to the polygon method
for the whole asteroid 216 Kleopatra as an example. Their
errors seemed to be very small and limited by floating-
point precision, but they have not provided any run-time
information.

A comparison between the finite cube elements method and
shapes with an analytical solution for gravitation was done
in [12]. The cubes were approximated as spheres because
it allows an easy calculation of gravitation and also reduces
the running time. Moreover, they have investigated a fractal
object, the effects of choosing a structural index S1, which is
a measure of the degree of homogeneity of gravity/magnetic
equations and they focussed on solving the inverse problem:
estimating the inner structure of asteroids with Euler de-
convolution.

3. METHODS

This work uses and compares a total of three methods:

the Polyhedral Method (PM),
the Mascons - Sphere Packing (MSP) method, and
the Mascons - Spherical coordinates (MASC) method.

When referring to mascon methods, we refer to both methods
MSP and MASC. In the following, each of these methods is
introduced in detail.

Polyhedral Method (PM)

The polyhedral method (PM) is a well-known analytical
closed-form approach to compute the exterior gravitation of
any polyhedron shape developed by [6]. One big advantage
is that this method is valid and stable down to the body’s
surface, i.e. also inside the circumscribing Brillouin sphere,
where e.g. spherical harmonics are prone to divergence. This
makes the methods interesting for surface gravimeter science
[13], [14] and landing operations [15], [16], as well as touch-
and-go maneuvers [17]. On the downside, however, the
method only works for a homogeneous (constant) density
throughout the body and does not intrinsically allow to vary
the density within the shape. While this method works even
on the surface of the body, it is undefined on a vertex or edge
which limits the solution space of the cube analysis (Section
5).

For the PM, we use an algorithm implementation developed
by [18] with minor adaptations. This code was verified with
an independent PM implementation, provided by [19]. The
gravitational attraction can be expressed as

X
gx)= G Eij rj Lij+G

e2edges

Fijk ik Yijk
e2facets
(1

where we refer to [6] for the full derivation and to [19] for a
slightly adapted notation.

Mascons: Sphere Packing (MSP)

Our second competing method is based on mascons. In
general, the idea behind the mascon model is to subdivide
a body into smaller parts, called mascons. The gravitational
field of each of these mascons is calculated by concentrating
the mass of this element in its center and computing the
gravitational field of a point source. Integration over the
mass elements then yields the resulting gravity. Traditionally,
mascons are often represented as uniform cubes or spheres.
The MSP method uses a slightly different approach: the main
idea is to use a polydisperse sphere packing, i.e. the spheres
are all inside the shape, they are allowed to differ in their
radii and they do not overlap each other. This should lead to
a better distribution of the mascons for faster computations
times and higher accuracy.

Moreover, spheres allow an easy computation of gravitational
acceleration at any point. If we consider a set of n spheres,
then we can compute the gravitational acceleration at a given
point X as follow:

X G

—h 2
i=1 JTill

g(x) =



Mass Assignment for Sphereb+the second step, we assign
masses to the spheres, which are inside the 3D mesh. The
total masdM of an asteroid must be equal to the sum of all
mascons. It is not trivial to assign masses to the mascons,
especially when using sphere packings. The voids between
the spheres can lead to signi cant errors. The difference in
sphere sizes leads to an inhomogenous void distribution. To
(a) (b) (c) solve this problem, we use our method that we call “Delta per-
) , centage volume increase” (DPVI). Typically, smaller spheres
Figure 1. In la is a polygonal mesh of Phobos (275k have a higher proportion of empty volume in their neighbor-
triangles, [21]) with the corresponding sphere packing in 1bhood, so the idea is to increase smaller spheres more than

(800k spheres, generated with Protosphere [20]) and a Crosr%'rger spheres. We set the volume of a sphené te Vi %

section of the packing in 1c. . . ri
! packing | whereV; is the volumef; the radius of the sphere, amds

obtained through Equation 3, which includes the constraint
that the sphere packing volume after incrementing has to be

withr; = ¢; X the vector between the sphere cemeaind equal to the volume of the polygonal modél.

given pointx. M; is the mass of the sphere aBdhe gravita-

tional constant. We also easily parallelize the computation of P
Equation 2: For each mascon, a thread is running to compute X = Vpg =1 Vi 3)
Vi
i=1 T

Algorithm 1 Gravity(SpherePacking S, QueryPoint x)

To compute the individual radius increase of each sphere,

for all spheres s 2 S doin parallel the following cubic equation can be solved:

r =G X
9i(x) = N Vi x4 (ri+ 1)
end for x4t ) (4)

P _
parallel scanover allg; computeg(x) = i“:l g (x) ri 3

With the nal volume or radius of a sphere, a corresponding

the gravitational acceleration and a parallel scan sums up tHBass can be assigned considering a homogenous density.
accelerations. We have two main challenges with the mascon ] ]
model: the arrangement of mascons and the assignment dfascons: Spherical coordinates (MASC)

masses to the mascons. The second mascon method models the internal mass distri-
. bution of the body as a set of solid elements in spherical co-

Sphere Packing Arrangementde use spheres to represent orginates. The software package hereafter referrddASC

the mascons, therefore we have to subdivide the space Witfss originally developed to derive gravity eld coef cients

spheres. Unfortunately, we can not achieve a completgased on shape and internal density distribution and has been

covering of the targets volume. From Kepler conjecture, wegccessfully applied to the Mars moon Phobos [23] and the

know that uniform spheres can cover at megg  74%0f  g7p/Churyumov-Gerasimenko [24]. It was for this study

the target volume. We use polydisperse sphere packings, &xtended to compute in addition the gravitational acceleration

cover potentially more volume than that. acting on a spacecraft at a certain position. The structure of
the software is divided into three parts:

An Apollonian sphere packing is a fractal structure based on

rules. That idea was extended in [20] to arbitrary 3D objectsl. In the rst part, the provided shape model is divided

which we use here. It uses a greedy algorithm that prefermto longitudes and latitudes with an a priori speci ed

larger spheres. The result is a potentially space- lling sphereesolution to ensure the accuracy of the derived quantities.

packing (see Figure 1). The spheres do not overlap and theyifferent shape models such as analytical shapes (sphere,

are completely inside the 3D object. ellipsoid), a spherical harmonics representation of shape, and
SPICE shape models can be processed [25].

Compared to methods presented in [22], that place spher& The next step is to structure the already processed shape

in a xed grid, Protosphere is more robust, faster, and hasnodel into sub-volume elements by dividing also the radius

a better lling fraction. The greedy choice of the largest R with a specied length (see Figure 2). Each of these

spheres provides a level-of-detail automatically. A veryvolume elements is assigned a speci ¢ densityat de nes

simple solution would be to limit the number of spheres if the mass of that element. Spherical harmonics and moments

spheres are in descending order with respect to their size. of inertia are outputted and a table of mass elements with their
according center of mass positignas an entree for the next

With no modi cations, Protosphere generates sphere packingrocessing step.

fractions of more thar®0% for most asteroid-like objects 3. Inthe last step, the total acceleration acting on a spacecraft

with 100k spheres. This packing density is more tB&h  at positionx is computed as the sum of the accelerations of

higher in [22]. Our higher packing density should improve each of the beforehand de ned mass elements= v; ;

the gravitational eld estimation. It is possible to de ne the according to Equation 2.

minimum and maximum size of spheres for packing and we

can change the optimization criteria for packings to in uence

the arrangement. We have tried to place more spheres near

the surface, which lead to an unexpected increased error for 4. TEST CASES

the gravity at the surface. Therefore, we present here ouBefore presenting the results in the following three sections,

results using the standard greedy implementation and keege introduce the three test cases and the general test setup

investigating the previous issue. that ensures comparable results. The three test cases are



Figure 2: Subdivision of the shape model into small mass elements with MASC.

1. Homogeneous sphere for the comparison with an analyti-
cal solution

2. Homogeneous cube for the comparison with an analytical
solution

3. Homogeneous Phobos test case

More details on the individual methods are provided in their
corresponding subsection. All methods use the same value

for the gravity constantG = 6:674 10 ! ng‘zz and the

analytical cases use the homogeneous (arbitrary) density

— ; ; ; (@)
100tkg=m?, while the third case uses the density of Phobos triangles. Triangle- angies. Subdivision in lon-

used by [21], = 1860kg=n". subdivision (red): One gitude (green) and latitude
triangle is divided into four (blue).

Obviously, for a sound comparison, the gravitation evaluation  triangles.

points need to be identical for all methods. As the PM is not

de ned at the polyhedron vertices (Section 3) we decided td=igure 3: Spherical shapes with the lowest resolution we

take the center-point of each facet as the evaluation point d%ave used. Colors indicate the two subdivision processes.

the center of tne thre; verti"cie$ k.

Icosphere with 320 (b) UV-sphere with 360 tri-

Xeva: 1 Xi+ X+ Xk
Yeva = 3 VitV + Yk (5)  use two different kinds of parametrizations of the sphere.
Zgya: Zi+ 7 + Z

Our rst sphere is based on an icosahedron, that has 20
Initially, we also created evaluation points “on-orbit” on triangles. After two successive subdivisions we obtain an

ve concentric spheres, however, the deviations between thi€osphere witt320 triangles (see Figure 3a). On each edge

results were, as expected, largest on the surfaces of the threéa triangle, a new triangle point is created and scaled to the
shapes/bodies. Consequently, we will limit the analysis ofsphere radius. Therefore, the number of triangles grows with
the results to the above-described surface points. Withoid0 4". The second sphere is based on spherical coordinates,
question, the evaluation points of the analytical solutions ar&vhich means we can subdivide the sphere with two angles

identical to the ones used for the three methods. respectively longitude and latitude (UV sphere, see Figure
3b). This method allows more freedom to aim for a speci c
Test Case Sphere number of triangles. At rst, we created six icospheres with

.. an increasing number of triangles, because of the limited

For the sphere test case, we chose a perfect sphere withy@edom of the algorithm. Then we used the number of
radius oflkm. The sphere case is interesting and challengingyiangles from the icospheres as a reference, that we manually
because the representation of such an ideal sphere is ngb,roximated for the six UV spheres while we were keeping
possible with each method. Besides this dif culty, it has the ratio between longitude and latitude constant.
a simple analytical solution, which makes it attractive for
comparisons. In the sphere test case, our evaluation points are not the

. _ triangle center of the different spherical shapes. Instead, our
Considering a perfect sphere, the following statements caga|yation points are lying on a perfect sphere with each point
be postulated regarding the resolution (res) and the d|fferenq¢aving a norm that is equal to our chosen radilisr(). We
between computation and true solution (diff): chose the points based on an icosphere &it820triangles.

. . Then we computed the center points of the triangles and
The MSP method could Il the sphere with a single sphere,c e them equal to the radius of our ideal sphere. Of course,

Ieszing t?ha %eg_egt match between method and analyticaj” our spherical shape models approximate that ideal sphere
SoTuhIOIT/iASuCS ' hod will o the t i .__and constant chosen radius. For each individual method, we
€ method will converge {o the trué solution Using 555ess the deviation from the true solution as a function of the

a high resolution, i.e. forréd  the diffft 0. : ;
The PM cannot analyze a perfect sphere, as implied by thghape triangulation and number of facets.

name, we need a polyhedron that approximates the sphergaci case Cube

similarly, as the number of polyhedron facetd 1 the

diff! 0. Our second test case is a cube with an edge leng#krof
Unlike a sphere, a cube can be easily de ned through a

To solve the representation problem, we have decided tpolygonal model. We use a polyhedron &f 2 = 12

5



Figure 4: Subdivision iterations (red) of a cube face (green)
in equal-sized quads and after triangulation (blue) the evalu-
ation points are the centroids of the triangles.

triangular facets. However, the sharp-edged shape of a cube
is more challenging for methods based on spherical mascots.
Like the sphere, the cube allows an analytical solution to

compute the gravitational eld by using existing analytical _. .
exprre)ssions fgr r|ght rectangu|ar¥)rismsg_ g y F|gure 5: Vert|CeS Of PhObOS WaVefront (OB\]) Ie from [21]
used for the gravitation comparison.

Different analytical expressions for a right rectangular prism

were reviewed in [26]. We use the analytical expression . .

derived from Okabe [27] for the vertical component of gravi- of smaller craters which are very well resolved in the shape

tational acceleration as given in Equation 6: model (see Figure 5). Additionally, this offers a realistic

shape that is more complex than the sphere and the cube.
NI Regarding the gravity evaluation points on the surface, we

%= G ( D' ' ¥ x In(y; + rijc ) compute them as the centers of each triangular facet.

i=1 j=1 k=1 "
+yj IN(X; + e ) +22¢ arctan S Y F Tk g 5. RESULTS

Zx In this section, we provide the results of our systematic

evaluation of the different methods in the three scenarios.

with First, we show detailed graphical and numerical comparisons

for the sphere (Section 5) and cube (Section 5) test cases with

Xi=X i, Yi=Y | &=Z «k (7) their respective analytical solution for different parameter
settings like parametrization or polygon count. Finally, we
compare results of the different methods for the Martian

moon Phobos test case. In this scenario, we set the PM

; i e _ method as the ground truth, considering a homogeneous
;2?1 isgdges rt]g% %L;/ble are parzil_lelid:cy, z axe;s. and its dimen density throughout the body, and show the differences to the

s 1 2- 7
Other gravitational componentg andg,, can be obtained two different mascon methods.
through cyclic permutation.

g = xP+yP+zg (8)

The relative comparison is done taking the ratio of the

To determine the evaluation points on the cube surface, wf;gtsigggg gr%/ 'ttﬁg%?%Ilﬁfccaellgg?gt?ggm thaes_numerlcal compu-
num lana .

did rst a subdivision of each face like in Figure 4. Then
we triangulated the quad and used the triangle centers as Ohum
evaluation points. Wit iterations, the number of triangles = =
grows exponentially2 # facets 4". We use six iterations
respectively49:5k evaluation points on the cube surface, Therefore, a ratio < 100%represents an under-estimate of
since this resolution already highlights differences very well ¢he gravitational acceleration,= 100% is a perfect match,
Similarly, the evaluation points could have been chosen baseghq™ > 100% represents an over-estimate (over-shoot) of
on a grid with a speci ¢ resolution. the gravitational acceleration.

100% 9)

na

Phobos Our results were computed on different hardware, with
For our last test case, we have chosen the Martian innefouble-precision oating-point numbers on each platform:
moon Phobos. Phobos is an applicable case because the

still ongoing Mars Express mission is able to perform close PM (CPU): InteP Core™ i7-8850H (Matlab)

ybys at Phobos [28]. Another Phobos mission is already MSP (GPU): NVIDIA GeForce RTX™ 3080 (CUDA)

on the horizon, the Japanese MMX spacecraft [16], which MASC (CPU): Intef Xeor® Gold 6134 CPU using 32
will visit the Mars moon and observe it from a Quasi Satellitethreads (Fortran).

Orbit (QSO) in the mid-2020s. The carried simulations in

this paper can support the planning of future observation#t should be noted that different hardware is used for the three
and the analysis of data from the two missions. We use thenodels, which is why the speci ed calculation times cannot
high-resolution shape model provided by [21]. Also, Phobosbe directly compared. However, the general tendency of the
has one remarkable large cragtickneyand a large number computation times is obvious.
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Comparison with Analytical Sphere Model face along the latitude and longitude circles and the sizes of
The gravity eld of the perfect sphere with radiushas a the triangles depend on the spherical distance to the equator.

simple analytical solution as we can see in Equation 2. There--rhIS is a regular pattern that we can observe in our Figure 7.
fore, in the rst step, we compare this analytical solution to

the results of the three investigated methods. Finally, the relative (mean) error is compared with the compu-

tation time in Figure 8. It can be observed a clear saturation,
where initial increases in the number of facets have a sig-
i cant in uence on the achieved accuracy of the gravitation,
hereas the last step for both spheres adds only little accuracy
hile increasing the computation time each by more than a
ctor4.

For the PM method, the computation time increases wit
an increased number of faces, which we also report. Whil
the computation times were recorded on different machine
for the three methods, the relative change compared to t
improvement in accuracy provides insights to the relation

g%gzﬁ?rggﬁo\éss' accuracy in gravity computation for theOveraII, it can be concluded that while computationally ex-
: pensive, and detailed (large) shape les are needed, it is
; ; ell possible with the PM to approximate an ideal sphere.
ghﬁeegg/?grd{ﬁlergieégfgn\{vﬁar?q%%l;egc t%(t:g?slcoﬁeeh%fg; aggSL(J) owever, this method intrinsically does not allow the perfect
ph h Ivtical solution is sh P fp h ravitation assessment of spherical/round shapes, or surface
with the analytical solution is shown in Figure 6 for t e?Leatures, and therefore remains an approximation for such

icospheres and in Figure 7 for the UV spheres. The colorb P ; .
is all\?vays interpolate% between the minp. and max. value ,eatures, limited by the shaped le (observation) resolution.

so the interpretation is done with the values listed in Tabl
1. Note that the comparison is done directly on the surfac
where the differences are maximal. Generally, with the poly-.
hedron not exceeding the perfect sphere, the total mass of ]
polyhedral volume will be always smaller than the analytical

solution given the same density, which results in a smalle - ;
gravitational acceleration. This difference becomes smalle‘jence’ we additionally decided to Il the polygonal shapes

with higher resolution. But also a variation in the deviation Wghcgvselﬂa%leasr%rl]aetri\?él VY}'ithhog{ngBﬁfé?ngl Sr%gereHg\?vceli/Ig?’
patterns exist for the different shape models, especially, whefj.: y fign. : e '
is covered volume is not important in this case: For a

comparing the coarsest resolutions of only 320 (icosphere ingle sphere, the mass assignment is trivial, it is the density

and 360 (UV sphere) facets, respectively. multiplied with the volume of the whole spherical shape. It

ﬁgn be seen as a single point mass and because of that, our
sults reported in Table 2 should state the most accurate

results we can theoretically get from each spherical shape
odel. It can also be seen as a conversion from a polygonal
here model back to an ideal sphere model. This enables us
measure the mean error for the conversion to a polygonal
odel: If our ideal sphere has the mean surface grawity

he MSP approach works internally with ideal representa-
Ttions of the spheres, therefore it includes the analytical solu-
n and a possible comparison would result in zero (beside
ating-point limitation).

For the icosphere, there are hexagonal regions of oversho
and underestimation of the gravitation, clearly visible for
the lowest resolution (Figure 6a). When increasing th
resolution, two observations can be made, repeating that t
range of differences decreases: Firstly the individual region
of over- and undershoot decrease in size while the numb

of these regions increases. Secondly, these regions begin ;
group in larger regions (Figure 6b, 6b, 6¢c, 6d), eventuall th edn ?ﬁ{a ?L‘ggre] %%?g;ﬂgﬁ O?]setrr;graean(;sgrfzg:ye ugsri?\\gty'

forming very large regions of over- and undershoot, decreas: B
ing the number of these regions to 4 regions of overshoo ﬁiss)pcrger;%;vreeg?g gﬁ:n%m@gggd constant computation time

and eights regions of underestimation for the plotted visibl

hemispheres (Figure 6f). When we compare the PM to MSP, we can see that the grav-

In contrast, the results for the UV sphere forms a quiteitational acceleration results are getting closer with higher

; - : hape resolution in general. However, the results for the UV
different pattern. The (dark blue) regions of the underestima ¢
tion formpcircular regi(()ns, while)les%er underestimates for gPhere are closer together than for the icospheres. We assume

; ; ; “ »that the reason for it might be the way we have chosen our
diamond-like shapes (Figure 7a, 7b, 7c). At the “equator”, valuation points for the sphere test case.

these overshoots are individual regions, while they growe
together forming latitudinal bands towards the “poles”. Other.
than for the icosphere, for the UV sphere, these feature
become continuously smaller, not forming visible global
patterns (Figure 7d, 7e, 7f).

he MASC approach uses spherical coordinates to subdivide
e shape into mascons. Therefore, shapes similar to spheres

are favorable for a high accuracy computation of the accel-

eration. Due to the limitation by the shape, i.e. the perfect

pherical shape is only approximated by icospheres or UV
heres, the PM method provides a good solution besides

e ar)lalytical expression or trivial mascon method (one point
ass).

The reason for this different behavior, depending on th
parametrization of the sphere, is based on the icosahedr
symmetry: our icosphere is based on the icosahedron. Co
sequently, all vertices have exactly six adjacent triangles,
except 12 vertices which have ve adjacent triangles. This
results in the soccer ball-like pattern that we observe for th
icosphere. Triangles become smaller, the closer they are
these 12 icosahedron vertices. This means, the triangles

ASC provides the ability to model and subdivide a perfect
here into mascons. The resulting surface acceleration can
approximated using 64.8k mascons with an overall mean

i : . : ifference to the analytical solution of 0.0007% for example.
not distributed equally but in the proximity of the |cosahedonAS it can be seen in Table 3, the accuracy obtained with

vertices we have a higher frequency. MASC is close to the results from PM and MSP. For all dif-
In contrast, for the UV sphere, the vertices are de nedferent shapes, 64.8k mascons have been used and therefore,

through spherical coordinates. If we increase the resolutior{he computation time is also identical for all cases.
then we have also more vertices touching the ideal sphere sur-
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(a) #320 (b) # 1280 (c) #5120

(d) # 20480 (e) # 81920 (f) # 327680

Figure 6: Icospheres with the number of faces. Using PM for individual surface gravity visualization: min. (blue) and max.
(red). Visualization is identical with the min. and max. values from Table 1.

(a) # 360 (b) #1224 (c) #5040

(d) # 20448 (e) # 82368 (f) # 328328

Figure 7: UV spheres with the number of faces. Using PM for individual surface gravity visualization: min. (blue) and max.
(red). Visualization is identical with the min. and max. values from Table 1.
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Table 1. Comparison of gravitation computed for different sphere shape models using the PM, compared to the analytical
solution. Due to the approximated polyhedron lying within the perfect sphere, all values are below 100 %. All values in
percent, giving the ratio of the PM to the analytical solution. Additionally, we provide the corresponding computation times
Teomp and the standard deviation over the full surface

Shape | Min. [%] | Mean [%] | Max. [%] | [%] | Teomp: [8] |
ico:320 95.8599 | 96.6437 | 97.9965 0.3968 27.3
ic0:1280 98.9134 | 99.1447 | 99.4826 0.1121 73.2
ic0:5120 99.7232 | 99.7836 | 99.8566 | 2.7918E-2 277.1
ic0:20480 | 99.9302 | 99.9442 | 99.9578 | 5.4776E-3 345.3

ic0:81920 | 99.9825 99.9844 99.9878 | 1.2096E-3 2,710.5
ic0:327680| 99.9955 99.9960 99.9970 | 3.0489E-4| 12,749.2
uv:360 94.6775 95.9555 97.8482 0.6550 28.2
uv:1224 98.2785 98.7374 99.3877 0.2242 68.1
uv:5040 99.5589 99.6832 99.8505 | 5.9350E-02 266.0
uv:20448 99.8887 99.9209 99.9632 | 1.5308E-02 642.7
uv:82368 99.9702 99.9793 99.9905 | 4.0139E-03 2,597.6
uv:328328 | 99.9931 99.9954 99.9979 | 9.4118E-04| 11,233.3

Table 22 Comparison of gravitation computed for different sphere shape models using the MSP with a single sphere, compared
to the analytical solution in percenGs can be interpreted as a theoretical limit for each spherical shape. MMM. stands for
Min., Max., Mean and is equivalent to mean grav@y. The last columns compare other method&to

Shape MMM., G [%] | [%] [ Teomp: [S] | PM G [%] | MASC G [%] |
ico:320 96.6152 9.2827E-11] 1.4 0.0285 0.0127
ic0:1280 99.1380 6.8273E-11| 1.4 0.0067 0.0039
ic0:5120 99.7835 1.0206E-10| 1.4 0.0001 0.0011
ic0:20480 99.9458 1.2944E-10| 1.4 -0.0016 0.0004
ic0:81920 99.9864 1.7308E-10| 1.4 -0.0020 0.0003
ic0:327680 99.9966 4.8705E-11| 1.4 -0.0006 0.000
uv:360 95.9561 1.3250E-10] 1.4 -0.0006 0.0083
uv:1224 98.7372 9.6639E-11| 1.4 0.0002 0.0002
uv:5040 99.6832 1.2205E-10| 1.4 0.0000 0.0001
uv:20448 99.9208 1.2052E-10| 1.4 0.0001 0.0003
uv:82368 99.9793 1.3138E-10| 1.4 0.0000 0.0001
uv:328328 99.9955 8.3166E-11| 1.4 -0.0001 0.0000

The small difference between the results MASC and PM
or MSP can be explained on the one hand by the selected
resolution, but the effect should be small as shown above
for the perfect sphere case. The other contribution to the
difference is the fact that MASC computes the center of the
mascons not at the center of the facets as it is the case for
PM. This leads to mascons used by MASC which do not
perfectly match the facets of the shape. It can be concluded
that MASC provides a similar accuracy as PM for different
shape representations for a sphere.

All three methods are capable to compute the gravitational
acceleration of a sphere on the surface with a high resolution.
Modeling a perfect sphere is very favorable for MSP since
it can be realized with just one single sphere. The needed
computational time for MASC and MSP are independent
of the resolution of the shape model whereas for PM is
dependent on the number of facets of the used shape model.
Figure 8: Comparison of mean error of as a function of It should be noted that the icosphere shape always provides a
computation time (and therefore number of facets as listed ibetter approximation than the UV sphere when compared to
Table 1). the analytical solution.



Table 3: Comparison of the gravitational acceleration computed for different sphere shape models using the software package
MASC, compared to the analytical solution. All values in percent, giving the ratio of the MASC results to the analytical
solution. The corresponding computation tinfgsmp: are identical for all cases since the same resolution is used (64.8k mass
elements).

Shape [ Min.[%] | Mean [%] | Max.[%] | [%] | Teomp: [S] |
ico:320 96.4633 | 96.6279 | 96.8495 | 0.1000 47
ic0:1280 99.0958 | 99.1419 | 99.2062 | 0.0289 47
ic0:5120 99.7718 | 99.7846 | 99.8017 | 0.0075 47
ic0:20480 | 99.9421 | 99.9462 | 99.9541 | 0.0022 47
ic0:81920 | 99.9847 | 99.9867 | 99.9954 | 0.0013 47
ic0:327680| 99.9957 | 99.9966 | 100.0056 | 0.0013 47
uv:360 95.5245 | 95.9644 | 96.7512 | 0.3782 47
uv:1224 98.5980 | 98.7374 | 99.0073 | 0.1242 47
uv:5040 99.6471 | 99.6833 | 99.7531 | 0.0313 47
uv:20448 | 99.9120 | 99.9211 | 99.9382 | 0.0075 47
uv:82368 | 99.9760 | 99.9794 | 99.9861 | 0.0021 47
uv:328328 | 99.9942 | 99.9955 | 100.0041 | 0.0012 47

Table 4 Comparison of cube gravitation computed for the ;5 see that the improvement seems not to be linear with an
three different methods compared with the analytical solujncreasing number of spheres. The most important observa-
tion. For the PM, the order of magnitude of the deviation istjgn is probably the tendency of overshooting. In Figure 10a

given. we can clearly see a reddish noise pattern. The reason is our
_ mass assignment heuristic: if we would naively just assign the
| Method | Min.[%] [Mean[%] | Max.[%] | [%] |  mass tothe homogeneous spheres and not consider the empty
PM 100 10 12 100 100+10 2 [ 10 B volume, we would have an overall underestimate. Instead,
MSP 100k 98.6829 100.0534 | 1009607 | 0.2992 our heuristic assigns proportionally more mass to smaller
MSP 300k 991722 | 100.0394 | 100.6124 | 0.1948 spheres \f/vhlch is the rehason fgr thtfa rehddlsh oh\(ershodotmg
wspeook | 092450 | tooosn | sondsr |oasa) BT LS NEESR 08 RO R e S eouid be
MASC64.8k| 84.7789 1018223 | 1094622 | 5.6377 expected that the error at the surface would increase, but the

opposite is the case. Our average error decreases with more
] ) spheres. An undershooting can be observed at the edges and a
Comparison with Cube circular pattern at the cube face centers. The reason for these

The analytical solution for gravitational acceleration on the®dges is that the relative large spheres are placed elsewhere

surface of a cube is provided in Figure 9a and the comparisognd our greedy algorithm prefers them. This problem is

of the three methods with the analytical solution is summadémonstrated in Figure 11. From that gure, we can also
rized in Table 4. observe, that we have a large sphere in the cube center, which

leads to the circular pattern at the center of the cube faces.
With the representation as a polyhedron, PM provides ar] N€ Spheres are getting smaller when we are going to the face
analytical solution, and hence we only provide the order ofc€nter and at some distance from the face center, there are no
magnitude of the deviation, caused by the numerical comSmMall spheres (blue circles, Figure 10a), since we have a xed
putation. However, as stated in Section 3, the PM is noffumber of spheres. So we observe a gradient from under- to
de ned on the edges/vertices of the shape, where the methd@/€rshooting going to the face center.

returnedNaN . For the comparison here, we have excluded

these evaluation points, but have noted the limitation of thisoUPdividing a rectangular shape like a cube in spherical co-
method here. ordinates shows the disadvantage of the method used within

MASC. It can be clearly seen in Figure 10b that there is

The comparisons of the three methods to the analytical soll@n, Underestimation of the acceleration at the edges of the
tion are plotted in Figure 9b and 10. In black, the excludedcUPe, where the shape cannot be approximated precisely. At

values for the PM are visible due to the absence of théh€ center of each surface, the acceleration is in very good
numerical solution here. agreement with the analytical solution. But moving towards

the outer edges of the cube the gravitational acceleration

The analytical solution and the quasi-identical PM solutioniS Overestimated by a small portion. The difference to the
clearly show symmetry of the gravity eld, and therefore per- analytical solutions becomes in the following smaller until the

face. The same is trué for the MASC solution, but not for thenderestimated regions at the corner and edges are reached.
MSP. It is obvious that the mascons in spherical coordinates are not

a good choice to approximate rectangular shapes. A higher

With the MSP we have created three different packings. Wé€solution would help to overcome the problem but with the
have linearly increased the number of spheres in the packing§2St 0f @ much higher computational effort.

ranging from 100k to 600k. From Table 4, we can see an . .
improvement in every category with increasing the number of®S the results were produced on different machines, we do
spheres, as we would expect from a mascon method. Also, weot compare the computations times here. Qualitatively, we
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2:4 2:6 2:8 3 32 34 ‘
10 4 99:25 100 10049
[%0]

(a) Cube with analytic solution [27]. The surface gravity

of ve faces: min. (blue) and max. (red). The center (@) MSP 600k. Smaller undershooting at the 12 edges
of each cube’s face is showing the highest gravitational and larger at the face center. Also, overshooting between
acceleration. edges and face center.
| | | | |
1 0 1 8478 100 10946
100+ [%] 10 *? (%]
.(b)IAS |e>;_pec_ted, the agr?entwe%betweedn PM a?tq ar}ﬁlyt- (b) MASC. Clear undershooting at the 12 edges. Also, a
ical solution is quasi-perfect. The ve edges cutting the i -
5 faces are partly visible (black) where the PM is not square-like overshooting between edges and face center.
de ned on the edges. Figure 10: Using percentage difference to PM as reference

Figure 9: Surface gravity of the cube and percentage differ—for surface gravity: overshoot (red) and undershoot (blue).

ence between analytic solution (reference) and PM.
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(a) 10k Spheres (b) 600k Spheres

Figure 11. The cube is a challenging case for the MSP method: the left-hand side shows an example of problems with non-
uniform distribution and packing density. Compare the top left corner of the cube with the other corners, and see the gaps
at the centers of the cube’s sides. More spheres improve these issues, see the right-hand side. (Both images show the same
cross-section.)

can state that here the PM bene ted most from the rectangulaf@Ple 5. Phobos: Comparison of gravitation of the two
shape, reducing the computation time to tens of seconds fépascon methods compared to the PM.

a comparable number of evaluation points, as the number
of facets (12) was very small, driving the computation time| Method | Min. [%] [ Mean [%] | Max. [%] [ [%] |
&O'Argpéeg%gtiﬁgth% ?aemréurrrubrﬁtr) goﬁvggség?s((gfgsll(o)og‘stsfbr MSP 100k | 98.9972 | 100.0193 | 100.9009 | 0.2577
the sphere case. Therefore, the computation time depends MSP 400k | 99.4752 | 100.0118 | 1005060 0.1473
only on the number of points on the surface where th MSP 800k | 99.4878 | 100.0092 | 100.4153 | 0.1122
acceleration is evaluated, but it is clear that MASC is not MASC 64.8k| 96.9273 | 100.1197 | 104.9161 | 0.7071
suitable for rectangular shapes since it can not model the

edges very well. The MSP has a similar problem with the

edges, but the error is smaller compared to MASC. Overall . .

the PM has in this test case strong advantages over the mascofh e. Again, the overshooting pattern comes from the MSP

; 120 uristic and the blueish spots indicate a lack of smaller
methods with a neglectable errat( *“%) and the lowest spheres in that area.
computation time.

; The shape of Phobos is much more suitable for MASC since
Comparison on Phobos it is related to an ellipsoidal shape representation. This can
As shown for the cube in the previous section, we consider thbe seen by the results of the comparison with PM in Table
PM as the reference solution for the gravitation of the polyhe5. The mean value of the gravitational acceleration is on the
dron shape model of Phobos provided by [21]. For this shapesurface in good agreement with the solution by PM. A few
we have computed the surface gravity using PM in Figure 12points (red in Figure 13) exist showing an overestimation of
We can see circular and relatively strong gravitation in the -Zthe acceleration. They are all related to the bottom of craters,
direction and in the +Z-direction (vertical). Also, the lowest i.e. the depth of the bottom of the craters is large enough.
gravitation appears to be near the Stickney crater (Figure 12d)nderestimation is related to the rims of the crater, which can
12f). be clearly seen at the Stickney crater. It can be concluded that
the overall performance of MASC is in very good agreement
Therelative comparison is done taking the rati8M of the  with results obtained by PM, the small parts with under and
resulting gravitation of the two individual mascon methodsover performance can be improved by a higher resolution at

Omascon tO the PMgey as: the speci ¢ locations. Such a variable resolution at speci c
locations has not been implemented yet, but is planned for
PM _ Omascon 100% (10) the future.
Opm

. PM 0 Again, due to the different machines used, we do not re-
Again, a percentage < 100% represents an under- nort the absolute computation times. However, a strong
estimate of the gravity, ™™ = 100% is a perfect match, disadvantage of the PM was the computation time of about
and PM > 100%represents an over-estimate (over-shoot)12 hours for the detailed shape model paired with a large
of the gravity. (global) number of evaluation points. The computation time

for MSP compared to PM was by two orders of magnitude
We have generated three different sphere packings with MSRaster than PM. Also, MASC was by one order of magnitude
ranging from 100k to 800k spheres. Also, we can overalll signi cantly faster than PM.
observe similar results in Table 5 as in the cube test case.
As expected, the mean error is smaller than in the cube tedthe largest deviations for the mascons method seem to appear
case. Even if we use signi cantly fewer spheres, the MSPwhere striking features as craters or terrain elevations appear.
performs better than in the cube case. From Figure 13 wé&or craters, this can be seen well in the Figures 13a (blue
can also observe the noisy pattern and also blueish circulapot) and 13d (yellowish circular). In the -Z-view direction
pattern (Figure 13c), that we already know from the cubesmaller craters are more remarkable with MASC than with
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